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Spatio-temporal modulation has shown great promise as a strong time-reversal 
symmetry breaking mechanism that enables integrated nonreciprocal devices and 
topological materials at optical frequencies. However, optical modulation has its own 
constraints in terms of modulation index and frequency, which limit the bandwidth 
and miniaturization of circulators and isolators, not unlike the magneto-optical 
schemes that it promises to replace. Here we propose and numerically demonstrate a 
Floquet circulator that leverages the untapped degrees of freedom unique to time-
modulated resonators. Excited by sideband-selective waveguides, the system supports 
broadband nonreciprocal transmission without relying on the mirror or rotational 
symmetries required in conventional circulators. Cascading two resonators, we create 
a linear three-port circulator that exhibits complete and frequency-independent 
forward transmission between two of the ports. This approach enables wavelength-
scale circulators that can rely on a variety of modulation mechanisms.
Introduction 
Nonreciprocal devices, such as circulators, play essential roles in modern optical systems to prevent feedback-
induced instability in lasers [1] and amplifiers [2] and to protect interferometers [3], full-duplex transceivers [4], 
and read-out circuits in quantum computers from interference [5]. When combined into periodic lattices and 
arrays, nonreciprocal devices also provide the broken time-reversal symmetry needed to create topologically 
protected photonic edge states that are immune to disorder-induced backscattering [6,7]. The realization of 
chip-scale circulators and isolators for integrated photonics remains a grand challenge due to weak magnetic 
effects at optical frequencies and issues with the compatibility of magneto-optical materials and silicon 
photonics. Spatio-temporally modulated systems have recently emerged as a promising alternative to realize 
nonreciprocal responses without magnets, either via photonic transitions between spatial modes in waveguides 
and resonators [8], mode splitting in traveling-wave resonators [9,10], topological edge states in resonator 
arrays [11], or parametric modulators [12,13]. Many of these schemes have been successfully demonstrated at 
microwave frequencies using lumped elements [14]. However, at optical frequencies, miniaturization and broad 
bandwidth remain challenging for spatio-temporally modulated circulators [15] within the realistic limitations 
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of modulation index and available bandwidth of the mechanisms such as stimulated Brillouin scattering [16,17], 
cavity optomechanics [18–20], Kerr nonlinearities [21], and carrier-induced nonlinearity [22].  
These challenges are fundamentally linked to the conventional structures of three-port Y-junction circulators 
or four-port circulators, originally conceived to harness the large frequency splitting from magnetized 
ferrites [23] and still retained by most spatio-temporally modulated circulators. These circulators are narrowband 
devices: off resonance, both forward transmission and isolation degrade rapidly and the operational bandwidth 
is proportional to the mode splitting. At optical frequencies, relative to the operating frequency, mode splitting 
from either magneto-optical effects or spatio-temporal modulation is orders of magnitude lower than that at 
microwave frequencies, resulting in significant bandwidth reduction, large device footprints [24], and large 
networks of biasing elements [7]. In addition, these circulators require high structural symmetry and fabrication 
order [23] to simultaneously realize complete transmission in the forward directions and large isolation. 
Floquet states that arise in periodically time-modulated systems have been leveraged to break time-reversal 
symmetry to achieve non-reciprocity [25] and topological orders [11,26] in photonics and acoustics [7] using 
materials that are naturally reciprocal. In general, a time-invariant system is transformed into a Floquet system 
by an externally applied periodic modulation, with every static eigenstate spawning a set of Floquet states equally 
spaced in frequency, with relative amplitudes and phases determined by the modulating waveform. Purely 
sinusoidal modulation produces an amplitude distribution given by the Bessel function of the first kind, which 
is identical to the sideband amplitudes produced in phase modulation [27] (Fig. 1a). However, these amplitudes 
can be individually tailored with more general forms of modulation beyond pure single-frequency sinusoidal 
waveforms [28,29] (Fig. 1b). This opens up new opportunities for creating unconventional nonreciprocal 
responses that are not limited by the spatial symmetry or narrowband responses discussed earlier. These 
sideband amplitudes are well understood in the framework of parametric resonances in dynamical systems [30]  
and quantum field theory [31], but the deliberate control over them remains to be exploited as a new degree of 
freedom in nonreciprocal photonics or acoustics. 
In this article, we present a compact three-port circulator based on individually tailored Floquet sidebands that 
provides broadband nonreciprocal transmission distinct from that of conventional circulators. We first discuss 
the nonreciprocal phase shift and general scattering properties of a single parametrically modulated resonator 
side-coupled to two waveguides. We then apply temporal coupled mode theory to study the necessary 
conditions that produce unique circulator responses from a low-symmetry cascade of two such Floquet 
resonators. Finally, a photonic crystal realization of such a Floquet circulator is presented from the results of 
first-principle numerical simulations.  
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Results 
Floquet Resonator Nonreciprocal Phase Shifter 
The building block of the proposed circulator is a single time-modulated resonator supporting a set of Floquet 
sidebands, which exhibits a highly nonreciprocal phase response when coupled to two narrowband waveguides. 
As shown in Fig. 1a, an infinite number of sidebands, i.e. Floquet states, reside in the resonator. The sidebands 
are spectrally distributed on both sides of the intrinsic structural resonance frequency 
a  at intervals given by 
the fundamental modulation frequency . We denote the complex instantaneous amplitude of the nth sideband 
by  .
n
a  In a high quality factor resonator, where the modulation driven energy exchange between the sidebands 
exceeds the external coupling, the amplitudes of the sidebands are coherently correlated. Thus, the amplitude 
 n
a  can be expressed as the product 
 ( ) 
nna u a , between the total mode amplitude a and the relative sideband 
amplitude  
n
u . 
2
a  is proportional to the total energy aggregated over all Floquet sidebands and 
 n
u  is the 
solution of Hill’s differential equation for the case of a general periodic modulation waveform [29,32].  
Although the amplitudes of the sidebands are correlated, each sideband can couple very differently to the 
external environment, such that the non-trivial phase between the modulating waveform and the optical carrier 
waves produces a nonreciprocal response. For example, similar to the well-known channel add-drop filter 
configuration [33], we side-couple two parallel narrowband waveguides to either side of the Floquet resonator 
(Fig. 1c),  with each waveguide having a narrow enough bandwidth that allows it to couple only to one of the 
sidebands. In the system considered here, the bottom waveguide targets the zero order sideband and the top 
waveguide targets the first order sideband. The evanescent coupling from the resonator to the bottom (top) 
waveguide results in a decay rate  10  .   In a high quality factor resonator, temporal coupled mode theory 
(CMT) accurately describes the time evolution of the Floquet sideband amplitudes. For the system considered 
in Fig. 1c, but with only a single modulated resonator, two coupled mode equations are used to capture the time 
evolution of each sideband,  
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   
       (1) 
where ms  is the instantaneous amplitude of the incident wave from the m
th port and 0 1  L     for the 
loss rate due to absorption and radiation given by L . Note that only two sidebands need to be explicitly 
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considered, and all other sidebands are uncoupled from the external environment and maintained at relative 
amplitudes dictated by the modulation waveform. 
Unlike conventional nonreciprocal systems involving Floquet states [7], the system considered here is unique in 
that the signal can be transferred between multiple sidebands. To clearly differentiate the signal wave from the 
sideband carriers, we decompose the instantaneous amplitudes of the incoming and outgoing waves at the mth 
port,          a
j n t
m ms s e

  to a slowly varying envelope ( ) ms , i.e. the signal wave, and the sideband 
carriers 
  aj n te

. The instantaneous frequency   is related to the frequency detuning parameter by 
    an   where the integer n  is the sideband order targeted by the particular waveguide or port. The 
scattering parameters throughout the remainder of this paper are defined in terms of the signal wave, i.e. 
   /   mp m pS s s , where the optical carrier frequencies at ports m and p are generally different. The slowly 
varying envelope of the resonator a  is defined similarly.  
The coefficients i  are determined from time-reversal symmetry and energy conservation [34] (see 
Supplement). Eqn. 1 can be converted to a single expression for the transfer function between the waves and 
the resonator as 
        0 0 1 1* * * *0 0 1 1
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a d u d u d u d
s
u
s
s
s
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     (2) 
where  10  d d  represent the structural coupling between the bottom (top) waveguide. The associated decay 
rates are 
 
2
0
0 0 d u  and 
 
2
1
1 1 d u , which is the product of a structural coupling factor and the relative 
sideband amplitude (see Supplement). When absorption or radiation loss is negligible  0 1, ,L    an ideal 
nonreciprocal response occurs at critical coupling  0 1  , which is equivalent to the condition  
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d u
d u
           (3) 
An important consequence of Eqn. 3 is that any difference in the relative amplitudes of the two sidebands can 
be compensated by structurally asymmetric coupling (quantified by 0 1/d d ) to achieve the ideal on-resonance 
response. Combining Eqn. 2 and an output coupling equation that describes the amplitudes of the outgoing 
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waves (see Supplement), leads to a scattering matrix for the single Floquet resonator system [34] as a function 
of the detuning,  
 
0 0 0 1 0 1
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j j
j j
I
j j
j j
e e
e e
S
j e e
e e
 
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     
   (4) 
Note that the superscript I in IS denotes the case of a single Floquet resonator. The modulation phase 
parameter  
1
 u  is key to a nonreciprocal response: aside from the case of   being an integer multiple of 
,  IS  is not symmetric. The forward pathways from the top waveguide to the bottom waveguide ( 13
IS , 14
IS , 
23
IS , and 24
IS ) have phase shifts with opposite signs from their backward counterparts ( 31
IS , 41
IS , 32
IS , and 
42
IS ). Specifically, signal flow in these forward pathways involves energy transfer from the 0n sideband to 
the 1n  sideband, resulting in a positive phase shift je  , whereas the backward pathways all involve energy 
transfer in the opposite direction between the sidebands, resulting in the negative phase shift . je   The largest 
nonreciprocal response is achieved when  1/ 2  n  , where n  is an integer. Note that with a sinusoidal 
modulation,   is simply the phase difference between the modulating wave and the incoming optical carrier.  
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Fig. 1. Floquet sideband distributions and overview of the Floquet circulator system. Schematics of the Floquet sideband frequency 
distributions from (a) single-frequency sinusoidal modulation and (b) multi-frequency modulation waveforms. Single-frequency 
modulation results in a sideband amplitude distribution defined by Bessel functions of the first kind at intervals of the fundamental 
modulation frequency. (c) Schematic of a dual resonator Floquet circulator with resonators supporting identical modes at frequency . 
The resonators are modulated by single-frequency sinusoidal waveforms with fundamental frequency   and phases a  and b . The 
top waveguide (red) targets the 1n  sideband with an evanescent coupling rate of 1 , and the bottom waveguide (blue) targets the 
0n  sideband with an evanescent coupling rate of 0 . The phase delay between the resonators can be different in the top and 
bottom waveguides, which is defined by 0  and 1 . (d) Schematic of compound even and odd modes in the two waveguides, 
corresponding to a rotation of the scattering matrix into a basis defined by the vectors in Eqn. 5. The ports of the circulator are 
defined in compound modes on the left reference plane as  
T
1 1E  and  
T
1 1 O  and on the right reference plane as 
 
T
1 1E  and  
T
1 1 O , where the first (second) vector element indicates the amplitude of the wave in the bottom (top) 
waveguide. 
Floquet Resonator Compound Mode Filtering 
To understand how the nonreciprocal phase response of a single resonator (Eqn. 4) can be transformed into an 
ideal circulator power response, we adopt a frame of compound waveguide modes that are linear combinations 
of the individual waveguide modes (Fig. 1d). We refer to the in-phase and out-of-phase combinations of the 
individual waveguide modes as the even and odd compound modes respectively. This notation is analogous to 
the Jones vector used to describe polarization states [35], in that the spatially separated individual waveguide 
modes at their own optical carrier frequencies play the role of two linear polarization components. This approach 
is mathematically equivalent to a rotation of the four-port scattering matrix into a basis defined by the vectors 
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0 0 1 1
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       
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       
       
       
v v v v        (5) 
In the frame of even and odd compound modes, the single Floquet resonator acts as a notch filter, completely 
reflecting one polarization while completely transmitting the other. The polarization being reflected is entirely 
determined by the modulation phase  . For example, when the fundamental in the applied modulation 
waveform is in phase with the optical carrier  0 , the even compound mode  1 1
T
 is completely reflected 
(Fig. 2a) while the odd compound mode  1 1
T
 does not couple to the resonator and is completely 
transmitted (Fig. 2b). Tuning the applied modulation phase for maximal nonreciprocal phase response, with a 
quadrature phase shift with respect to the optical carrier  / 2  , leads to the complete reflection (Fig. 2c) 
of a “circular” compound mode  1
T
j  and the complete transmission (Fig. 2d) of the other circular 
compound mode  1 
T
j , which also does not couple to the resonator. A cascade of two Floquet resonators, 
along with reciprocal mode conversion in passive waveguides, then provides circulator functionality with a 
strong nonreciprocal response in the scattered power. 
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Fig. 2. Complete on-resonance reflection and transmission criteria for compound modes in single Floquet resonator. A modulation 
phase shift of 0  results in (a) complete reflection of the compound even mode  1 1
T
 and (b) complete transmission of the 
compound odd mode  1 1
T
. A modulation phase shift of / 2   results in (c) complete reflection of the compound even-
circular mode  1
T
j  and (d) complete transmission of the compound odd-circular mode  1 .
T
j  
Dual-Resonator Floquet Circulator 
The addition of a second resonator transforms the nonreciprocal response of the system to a power response. 
This not only eliminates the practical challenge of maintaining a locked / 2  phase shift between the 
modulating wave and the optical carrier, which have orders of magnitude difference in frequency, but more 
importantly provides a broadband circulator response useful in many applications [3,36]. The second resonator 
is structurally identical to the first resonator, supporting the same set of Floquet modes and is critically coupled 
to the same waveguides with coupling rates 0  and 1 . However, the second resonator is distinct from the first 
resonator, with a / 2  phase lag in the modulation waveform of the second resonator, relative to the modulation of 
the first. Additionally, the bottom and top waveguides are designed to introduce different propagation phase 
delay between the two resonators  10   . The compound modes on the left and the right reference planes 
constitute the four ports of the system (Fig. 1d):  
T
1 1E  and  
T
1 1 O  on the left,  
T
1 1E  
and  
T
1 1 O  on the right. Here the first (second) vector element indicates the amplitude of the mode in 
the bottom (top) waveguide. 
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In the frame of the individual waveguide ports, the dual-resonator Floquet system is characterized by the 
following set of coupled mode equations 
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where the full expressions for the coupling matrices C, D, H, and K are given in Supplement. Here, 
1a  and 2a
denote the slowly varying envelopes of the modes in the left and the right resonator respectively. The full 
scattering matrix as a function of the detuning frequency is [34] 
  
1
0
.
0

   
       
  
II
j
S C D H K
j
        (8) 
After rotating into the compound mode basis, the on-resonance scattering matrix of the system becomes a 
unique circulator response 
  
1 0 0 0
0 0 1 0
0 .
0 0 0 1
0 1 0 0
 
 
   
 
 
 
II
cS          (9) 
Three of the four compound modes, ( E , O , and O  in Fig. 3a) form a three-port circulator. Power 
transmission is unity in the forward direction, defined as O O E O      , and is completely suppressed 
in the backward direction. The condition for ideal operation between port E and O  is given by the expression 
  0 0 02 2 ( ) ( 2 ) 1 0         j j jj je e j e je je      , where 1 0    . This is clearly satisfied by 
/ 2   , independently of the value of 0 . Ideal operation between O  and O  translates to a slightly 
different expression given by   0 0 02 2 2 2 1 0        j j j j jj je e j je e je      , which is satisfied by the 
same condition / 2   . It is also worth emphasizing that the E  port is decoupled from the other three 
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ports, with the incoming wave being completely reflected (
EE   ). See Supplement for the full derivation of 
the above conditions. 
Conceptually, operation of the Floquet circulator can be understood by tracing a compound mode, as it travels 
through the system and becomes transformed. For the 
OE   path (Fig. 3a, solid green curve), the signal 
enters as the even mode  1 1
T
on the right, and is transformed into the circular mode,  1 
T
j , by the dual-
waveguide segment between the resonator and the ports on the right. This circular mode,  1 
T
j , perfectly 
transmits through the right resonator (as shown in Fig. 2d with / 2  ). Propagation down the middle 
waveguide segment transforms the signal into the odd mode,  1 1
T
 which then impinges on the left 
resonator and is perfectly transmitted out the other side (as shown in Fig. 2b with 0 ). Note that the 
complete forward transmission between these two ports is due to the lack of coupling to either resonator, which 
holds even when the input signal is off-resonance. As a result, the forward transmission is unitary regardless of 
the detuning. The backward transmission is resonantly suppressed, with a 30 dB isolation bandwidth of 
~ 0.07 .  Such broadband complete transmission in the forward direction is spectrally distinct from that of 
conventional three-port junction circulators and four-port circulators.  
Transmission along the O O   path (Fig. 3a, solid blue curve) can be analyzed similarly, with multiple 
reflections between the two resonators before the signal emerges (see Supplement). This pair of ports provides 
a 70  larger isolation bandwidth  ~ 5  than the previous pair (Fig. 3b), but at a cost of reduced forward 
transmission off-resonance. Backward transmission along the O O   path (Fig. 3a, dashed blue curve) is 
completely suppressed on-resonance 0   where the waveguides provide the ideal phase delay difference of 
/ 2   . In the off-resonance case, the difference in group velocity dispersion between the top and bottom 
waveguides results in incomplete mode conversion. Ultimately,   and the associated operating bandwidth is 
limited by the fundamental frequency of the modulating wave and the propagation of the coupling waveguides. 
The remaining ports in the system do not participate in any cross-device scattering pathways: the even mode 
on the left resonantly reflects into itself  EE   (Fig. 3a, dashed orange curve), and the even mode on the 
right resonantly reflects into the odd mode on the right O E   (Fig. 3a, solid red curve). 
An advantage of the Floquet circulator over conventional junction circulators is that its operating principal does 
not require breaking the degeneracy of two modes with rotational or other symmetries. The Floquet circulator 
has no inherent symmetry requirements in its modes, resulting in significantly simplified design and robustness 
towards fabrication non-idealities. More importantly, all sidebands of the two Floquet resonators remain 
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matched in frequency, and by introducing a functionally disconnected fourth port   ,E  the system achieves 
simultaneous broadband and unity transmission in the forward direction with perfect on-resonance isolation. 
 
Fig. 3. Scattering response and isolation of an ideal Floquet circulator calculated with coupled mode theory. (a) Scattering parameter 
spectra for three forward signal pathways (   E O O E    ), demonstrating on-resonance signal circulation. Dashed curves 
show suppressed backward transmission. The frequency detuning parameter   represents the signal frequency relative to the optical 
carrier, in units of  . (b) Isolation between the two cross-device pathways  ,  O O O O     and  , . E O O E     
2D Photonic Crystal Implementation of Floquet Circulator 
We demonstrate the Floquet circulator using a 2D photonic crystal consisting of a square lattice of dielectric 
rods  0.15 , 12.25 rr a  embedded in air, which supports a large TM photonic band gap (~30 % relative 
bandwidth). The bandwidth of the band gap is orders of magnitude larger than the modulation rate, which 
eliminates radiation loss of the sidebands not targeted by the two coupling waveguides. Each parametrically 
modulated resonator is a point defect formed by an enlarged rod that supports a monopole mode at frequency 
 0.39685 2 /a c a  , where the refractive index of the rod is modulated by a sinusoid of frequency 
0.0025 a . 
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The two narrowband waveguides are coupled-resonator optical waveguides [37] (CROWs) formed by a 1D 
array of enlarged rods (Fig. 4a). The CROW period is 4a , resulting in a propagation bandwidth of 0.0024 ,a  
and the enlarged rod radius of each CROW is slightly different  0.4630 , vs. 0.4649 c cr a r a  such that the 
top waveguide targets only the 1 n  sideband (Fig. 4b, blue) and the bottom waveguide targets only the 0n  
sideband (Fig. 4b, red). The 1 n  sideband (Fig. 4b, dashed grey) and all other sideband orders are dark to 
the outside environment as they couple to neither the waveguides nor the bulk crystal. The coupling rates 
0  
and 
1  can be changed in a step-wise fashion through conventional structural tuning (i.e. adjusting the number 
of crystal periods between the waveguide and resonator), but as predicted by Eqn. 2 and Eqn. 3, the modulation 
index provides continuous tuning of 
0  and 1  to realize critical coupling (Fig. 4c). Here the coupling rates are 
obtained from fitting the spectral response of a photonic crystal Floquet resonator to coupled mode theory. To 
realize the phase delay condition of / 2    in the circulator, the two resonators are separated by a distance 
of 16a  (4 CROW periods). 
The response of the Floquet circulator is demonstrated using first-principle finite element frequency domain 
simulations, with no approximations except for discretization. The electromagnetic wave equations at each 
sideband frequency are coupled to capture the effect of modulation and are solved simultaneously (see 
Supplement). As predicted by the coupled mode theory, the calculated transmission for the E O   pathway 
exhibits broadband unity transmission (dark green dots, Fig. 5a) while the transmission in the backward 
direction O E   is resonantly suppressed (light green dots, Fig. 5a), with over 20 dB isolation (Fig. 5b). 
Meanwhile, the alternative O O   pathway exhibits unity transmission on resonance (dark blue dots, Fig. 5a) 
and nearly 80 dB suppression in backward transmission along O O   (light blue dots, Fig. 5a), with a 30 dB 
isolation bandwidth of ~ 4 . Note that the non-ideal line shape and reduced peak isolation observed in Fig. 5b 
are the result of a numerical mismatch between 0  and 1  and deviation of the waveguide phase delays from 
the condition / 2   . Although the peak isolation is reduced to 80 dB, the broad bandwidth with above 45 
dB isolation is crucial to avoiding coherence collapse in laser diodes [1]. In practice, a non-sinusoidal modulation 
waveform can be used to fine-tune the system closer to the critical coupling and phase delay conditions. 
The strongly nonreciprocal on-resonance circulator functionality is evident in the field distributions showing 
the energy density aggregated over all sidebands, 
   
2
0 
n
E . The even mode entering from port one is 
completely disconnected from the other ports and resonantly reflects back into itself (Fig. 5c) while the port 
two odd mode also resonantly reflects back but is converted into the even mode (Fig. 5d). In both cases, 
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transmission across the device is strongly suppressed. On the other hand, the odd mode from port one is fully 
transmitted into the odd mode at port two where a resonant scattering is observed from the greater energy in the 
resonator sites (Fig. 5e). As expected from the discussion earlier, the broadband forward transmission 
 E O   is clearly non-resonant, as seen from the comparable field magnitudes in the resonator and 
waveguide modes (Fig. 5f). 
 
Fig. 4. Photonic crystal implementation of sideband-selective waveguide and critical coupling condition. (a) 2D photonic crystal 
consisting of silicon rods  00.15 ,  3.5 r a n  embedded in air. A coupled resonator optical waveguide (CROW) is formed in the 
x-direction by enlarging every fourth rod. (b) Dispersion for the upper (red curve) and the lower (blue curve) waveguides of Fig. 1c. 
The bands are detuned from each other by having  0.4630  0.4649cr a a  in the top (bottom) waveguide. n  indicates the sideband 
frequency component for  1,  0,  1  n  and nk  indicates the associated CROW wavevector. (c) Dependence of resonator 
coupling rate to top  1  and bottom  0  waveguide on modulation index, parameterized by the peak change in refractive index, 
0 0/n n . Critical coupling  0 1   occurs for 
3
0 0/ 1.84 10
 n n . Coupling rates are calculated by fitting the response of single 
side-coupled modulated resonator calculated with full-wave simulations to coupled mode theory. 
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To operate at 1550 nm, the design’s photonic crystal lattice constant is a  = 615 nm, the modulation frequency 
is   = 484 GHz, and the total quality factor is   40 1/ 2 2 8.3 10   aQ     (2.34 GHz linewidth). The 
resonator linewidth is smaller than the modulation frequency by a factor of approximately 200, meaning that 
the CROW bandwidth is the limiting factor for a reduced modulation frequency. Note that the simulated in-
plane photonic crystal configuration is chosen to clearly illustrate the device operation in a compact area and a 
more practical modulation frequency of 20 GHz [38,39] can be used by increasing the spatial period of the 
CROW from 4a  to 7a . This reduces the propagating bandwidth to  59  18 GHz.3 10 a , which is still 
nearly an order of magnitude larger than the resonator linewidth. Moreover, this results in a larger footprint in 
only one dimension of the system, with a total area of  0 056 17  22.20 6.75 a a   . Adjusting the CROW 
dispersion to achieve the required difference of / 2  between the top and bottom waveguide phase delay in 
fewer CROW periods could further reduce the device’s footprint.  
The structural coupling between the resonator and the waveguides in the photonic crystal is not highly 
asymmetric, with a separation distance of  5  4a a  between the resonators and the bottom (top) waveguide. 
The difference of only one unit cell requires that a relatively large modulation index be used to satisfy the critical 
coupling condition given by Eqn. 3, where 30 0/ 2 10
 n n  leads to  
1
0.3u  (see Supplement). Although 
such a large modulation index is achievable in practice, for example by using the plasma dispersion effect in 
silicon [40], the increased absorption could overwhelm the circulator and limit the nonreciprocal response. 
A more general modulating waveform that allows for independent control of the relative and absolute amplitudes 
of neighboring sideband states avoids the need for a large modulation index. For example, a modulating wave 
with a second harmonic component, as shown in Fig. 1b, can be used and the 1n  and 2n  sideband states 
can then play the roles of the 0n  and 1n  sideband states, respectively. The critical coupling condition can 
be met through the relative ratio between the fundamental and the second harmonic components in the 
modulating waveform, through the ratio 
   1 2
/u u .  The modulation index could then be used to achieve the 
necessary waveguide coupling rates that overcome out-of-plane losses and absorption (see Supplement). In 
contrast, single-frequency modulation with a small modulation index results in (0) 1u , and only one 
modulation index, satisfying 
 1
0 1/u d d , results in critical coupling for a given structure.  
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Fig. 5. Scattering response and field distributions of a photonic crystal Floquet circulator calculated with full-wave simulations. (a) 
Calculated nonreciprocal scattering parameter spectra and (b) isolation spectra for the two cross-device pathways for a Floquet 
circulator implemented following Fig. 4. (c-f) On-resonance electric field distributions summed over all sidebands, 
   
2
0 
n
E  
for forward and backward incidence along the cross-device pathways. Complete reflection is evident along the backward directions in 
c and d, while complete transmission is observed along the forward directions in e and f. 
Conclusion 
The Floquet circulator can be realized with many possible layouts of low-symmetry one-dimensional cascades 
of modulated resonators. The critical coupling condition and the / 2    phase shift, which collectively 
produce the ideal circulator response, are not tied to the rotational or mirror symmetries of the underlying 
photonic structures. We stress that the designation of the compound modes as even and odd is adopted from the 
convention in dual-waveguide systems such as directional couplers, and does not require that the system actually 
have mirror symmetry along the vertical direction. In fact, in our system the waveguides target different 
frequency ranges and have different coupling distances to the two resonators. 
16 
 
Despite a superficial structural resemblance between the Floquet circulator and circulators based on parametric 
up/down conversion and commutation [12,13], the signal spectral properties and overall spectral response are 
fundamentally different. In the Floquet circulator, the signal wave is carried by the unique dual-carrier 
configuration, and its spectral distribution is conserved during transit across the system (i.e. no net energy 
transfer occurs between different sideband carriers). This lack of frequency shifted intermediate signals simplifies 
the system design, which only needs to target a single frequency range, but also requires only two structural 
resonances (as opposed to four resonances with parametric conversion), resulting a smaller footprint. More 
importantly, without depending on large parametric conversion, the Floquet circulators can function at a 
modulation index that is orders of magnitude smaller than the typical values needed in parametric 
conversion [12,13], making it more practical for implementation at optical frequencies. Moreover, the lack of 
net parametric energy conversion also prevents the depletion of the modulation wave in cases involving high 
power signal signals. The absence of depletion ensures the system response remains linear to the input power, 
which is essential for high dynamic range applications [41] such as full-duplex communications [42]. 
The Floquet circulator can be realized with a wide range of integrated photonic platforms and modulation 
mechanisms. The 2D photonic crystal structure presented here can be readily extended to photonic crystal slab 
structures with experimentally demonstrated quality factors [43,44] exceeding 610 , as well as many other high-
Q resonators [45]. Moreover, the two narrowband waveguides can, in principle, be merged into a single 
waveguide with a bandwidth spanning both the 0n  and the 1n  sidebands, provided that the waveguide 
dispersion is sufficiently large to generate the / 2  differential phase shift. Additionally, the narrowband 
waveguides could also be realized with mechanisms other than a CROW, such as electromagnetically induced 
transparency or periodically modulated waveguides. The unusual dual-carrier response does necessitate an 
additional photonic circuit to modulate and demodulate traditional single-carrier optical signals to the dual-
carrier format, or a spatial mode multiplexer [46] to separate the even and odd compound modes on the right-
hand side of the device (see Supplement for an example). However, entire photonic circuits using such Floquet 
circulators can be constructed to use the dual-carrier compound modes as signal carriers [11,26], thereby limiting 
the need for such mode converters to the input and the output of the overall circuit. 
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Supplement
I. FREQUENCY-DOMAIN MODELING OF PERIODICALLY TIME-MODULATED SYSTEMS
Here we outline the approach taken to model the optical Floquet system in the frequency domain. We use a set
of single-frequency wave equations which are coupled in the regions that are undergoing modulation. To derive the
coupling terms, we start with the general wave equation for the electric field given by
∇×∇×E+ 1
c2
δ2
δt2
E+
1
0c2
δ2
δt2
P = 0, (S1)
where E is the total electric field, P is the total electric polarizability (accounting for both static and modulated
terms), 0 is the vacuum permittivity, and c is the speed of light in vacuum. The refractive index in the modulated
region has the form n′0 = n0 + ∆n0 (t) where we assume that the time-varying component is purely sinusoidal,
∆n0 (t) = δn0 cos (Ωt+ φ) =
δn0
2
[
ejΩtejφ + e−jΩte−jφ
]
. (S2)
Eqn. S2 is substituted into Eqn. S1 and the wave equation is rearranged into static and modulated terms (where
∆n20  n0) to give
∇×∇×E+ n0
2
c2
δ2
δt2
E+
1
c2
δ2
δt2
[2n0∆n0 (t) ·E] = 0. (S3)
By representing the total electric field as a sum of components oscillating at discrete frequencies indexed by n,
E =
∑
n
Ene
jωnt (S4)
and substituting into Eqn. S3, we have
∇×∇×Enejωnt + n0
2
c2
δ2
δt2
Ene
jωnt +
δn0n0
c2
δ2
δt2
[(
ejΩtejφ + e−jΩte−jφ
)
Ene
jωnt
]
= 0
∇×∇×Enejωnt − ωn
2n0
2
c2
Ene
jωnt − δn0n0
c2
[
(ωn + Ω)
2
ej(ωn+1t+φ) + (ωn − Ω)2ej(ωn−1t−φ)
]
En = 0. (S5)
The expression in Eqn. S5 is an ordinary single-frequency wave equation with an added nearest-neighbor coupling
term. Essentially, the field oscillating at frequency ωn feeds energy into the fields oscillating at frequencies ωn ± Ω
through a current distribution proportional to En. The coupling term is,
g (n,m) = −δn0n0
c2
ωn
2ejφ(n−m)δ (|n−m| − 1)Em, (S6)
where the (n−m) term in the exponential enforces a negative phase accumulation from a higher-order frequency
component to a lower-order frequency component, and a positive phase accumulation from a lower-order frequency
component to a higher-order frequency component. The Dirac delta, δ (|n−m| − 1) enforces the condition of the
entire term being non-zero only when n and m differ by 1. This means that with a single-frequency sinusoidal
modulation waveform, each sideband component has only two source terms, corresponding to the nearest neighbor
frequency components, i.e. n = 0 has non-zero terms corresponding to g (0,−1) and g (0, 1).
This coupling can be implemented in finite element analysis by converting to a weak form expression. In this case,
the weak form corresponds to a simple multiplication by the test function corresponding to the unknown electric field,
e.g. Ψn. The following expression can added as a weak contribution in the modulated domain(s) for each frequency
component,
Fn = g (n, n+ 1) ·Ψn + g (n, n− 1) ·Ψn. (S7)
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FIG. S1. Schematic of single Floquet resonator with fundamental frequency ωa modulated at a frequency of Ω and side-coupled
to two narrowband waveguides. The coefficients κi and di represent the structural coupling into and out of the resonator,
respectively. The parameters θi represent the phase delay of the waveguides between the port reference planes. The parameter
φ represents the phase delay is applied to the modulating wave. The complex amplitudes of the incoming and outgoing waves
at port n are given by sn±.
II. COUPLED-MODE THEORY (CMT) FOR FLOQUET SYSTEMS
The coupled-mode theory (CMT) modeling begins by considering only the amplitudes of the sidebands that couple
to the external environment, in this case n = 0 and n = +1. The side-coupled resonator system is sketched in Fig. S1
and the sidebands coexist within the same resonator site. The waveguides are configured such that the top waveguide
(red) is selective of the n = +1 sideband and the bottom waveguide (blue) is selective of the n = 0 sideband. The
two coupled-mode equations that describe the evolution in time of the sideband amplitudes are,
d
dt
u(0)a = (jωa − γ)u(0)a+
(
κ0 κ0
)(s1+
s2+
)
(S8)
d
dt
u(1)a = (jωa + jΩ− γ)u(1)a+
(
κ1 κ1
)(s3+
s4+
)
(S9)
where sm+ is the instantaneous amplitude of the incident wave from the m-th port and γ = γ0 + γ1 + γL for the
absorption or radiation rate given by γL. All other sidebands are maintained at their individual amplitudes dictated
by the modulating waveform. The coefficients κ0(1) represent the geometric coupling between the incoming wave and
the n = 0 (+1) Floquet sideband.
The system considered here is distinct from conventional nonreciprocal systems involving Floquet states, because
the signal can be carried simultaneously by multiple sidebands. To clearly differentiate the signal wave from the
sideband carriers, we decompose the instantaneous amplitudes of the incoming and outgoing waves at the m-th port,
sm± (ω) = s˜m± (∆) ej(ωa+nΩ)t to a slowly varying envelope s˜m±(∆), i.e. the signal wave, and the sideband carriers
ej(ωa+nΩ)t. The instantaneous frequency ω is related to the frequency detuning parameter by ∆ = ω − (nΩ + ωa)
where the integer n is the sideband order targeted by the particular waveguide or port.
Under this notation, the instantaneous and baseband quantities have the time dependence,
a ∼ exp (jωt) a˜ ∼ exp (j∆t) (S10)
sn± ∼ exp (jωt) s˜n± ∼ exp (j∆t) . (S11)
By substituting d/dt → jω, Eqns. S8 and S9 can be combined into a transfer function between the incoming wave
amplitudes and the overall modal amplitude given by
a˜ =
1
j∆ + γ
(
d0u
(0)∗ d0u(0)∗ d1u(1)∗ d1u(1)∗
) ·
s˜1+s˜2+s˜3+
s˜4+
 , (S12)
where d0 (d1) represent the structural coupling between the bottom (top) waveguide. The output CMT equation
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between the resonator and the ports iss˜1−s˜2−s˜3−
s˜4−
 =

0 e−jθ0 0 0
e−jθ0 0 0 0
0 0 0 e−jθ1
0 0 e−jθ1 0

s˜1+s˜2+s˜3+
s˜4+
+

d0u
(0)
d0u
(0)
d1u
(1)
d1u
(1)
 a˜, (S13)
where θ0(1) = k0(1)L defines the phase shift between the port reference planes in the bottom (top) waveguide for a
separation distance given by L. Note that we have assumed the symmetry of the resonator mode results in the same
coupling coefficient for port pairs that share a waveguide (i.e. κ0, and d0 for the bottom waveguide and κ1 and d1 for
the top waveguide). We next use energy conservation and time reversal symmetry to derive the relationships between
the linewidth, the coupling coefficients, and the relative sideband amplitudes.
A. Energy Conservation
We first consider the case of no excitation, meaning that s˜m+ = 0 for all m. From Eqns. S8 and S9, this means
that
d
dt
|a˜|2 = −2γ|a˜|2 (S14)
and from Eqn. S13, we have
− d
dt
|a˜|2 =
∑
|sm−|2 =
(
2
∣∣∣d0 · u(0)∣∣∣2 + 2∣∣∣d1 · u(1)∣∣∣2)|a˜|2. (S15)
By equating the expressions in Eqns. S14 and S15, we conclude that the coupling rates for the bottom and top
waveguide to the resonator are given by
γ0 =
∣∣∣d0 · u(0)∣∣∣2 (S16)
γ1 =
∣∣∣d1 · u(1)∣∣∣2 (S17)
respectively, where (neglecting radiation and absorption loss) the total linewidth is γ = γ0 + γ1. When absorption or
radiation loss is negligible (γL  γ0, γ1) , an ideal nonreciprocal response occurs at critical coupling (γ0 = γ1), which
is equivalent to the condition ∣∣∣∣d0d1
∣∣∣∣ = ∣∣∣∣u(1)u(0)
∣∣∣∣ . (S18)
An important consequence of Eqn. S18 is that any difference in the relative amplitudes of the two sidebands can be
compensated by structurally asymmetric coupling (quantified by the ratio |d0| / |d1|) to achieve the ideal on-resonance
response.
B. Time Reversal Symmetry
The first condition provided by time reversal symmetry is
2γ = 2κ0d0
∗ + 2κ1d1∗, (S19)
which, when taken with Eqn. S16 and Eqn. S17, implies that κm = dm
∣∣u(m)∣∣2. Additionally, the direct scattering
process through the waveguides requires thatd0d0d1
d1
 = −

0 e−jθ0 0 0
e−jθ0 0 0 0
0 0 0 e−jθ1
0 0 e−jθ1 0

d0
∗
d0
∗
d1
∗
d1
∗
 , (S20)
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or equivalently, d0 = −e−jθ0d0∗ and d1 = −e−jθ1d1∗. By selecting the location of the reference planes such that θ0
and θ1 are some integer multiple of 2pi, the expression in Eqn. S20 is satisfied by d0 and d1 being purely imaginary
and with magnitudes that satisfy Eqns. S17. The complete expressions are therefore
d0 = j
√
γ0∣∣u(0)∣∣ (S21)
d1 = j
√
γ1∣∣u(1)∣∣ (S22)
κ0 = d0
∣∣∣u(0)∣∣∣2 = j√γ0 ∣∣∣u(0)∣∣∣ (S23)
κ1 = d1
∣∣∣u(1)∣∣∣2 = j√γ1 ∣∣∣u(1)∣∣∣ . (S24)
C. Total Scattering Matrix
Combining Eqn. S12 and the output coupling relationship given by Eqn. S13, leads to a scattering matrix for the
single-Floquet resonator system as a function of the detuning,
a˜ =
1
j∆ + γ
(
κ0
u(0)
κ0
u(0)
κ1
u(1)
κ1
u(1)
) ·
s˜1+s˜2+s˜3+
s˜4+

=
1
j∆ + γ

d0|u(0)|2
u(0)
d0|u(0)|2
u(0)
d1|u(1)|2
u(1)
d1|u(1)|2
u(1)

T
·
s˜1+s˜2+s˜3+
s˜4+

=
1
j∆ + γ

j
√
γ0e
−j∠u(0)
j
√
γ0e
−j∠u(0)
j
√
γ1e
−j∠u(1)
j
√
γ1e
−j∠u(1)

T
·
s˜1+s˜2+s˜3+
s˜4+
. (S25)
The output coupling is given by the relationships˜1−s˜2−s˜3−
s˜4−
 =

0 e−jθ0 0 0
e−jθ0 0 0 0
0 0 0 e−jθ1
0 0 e−jθ1 0

s˜1+s˜2+s˜3+
s˜4+
+

d0u
(0)
d0u
(0)
d1u
(1)
d1u
(1)
 a˜
=

0 e−jθ0 0 0
e−jθ0 0 0 0
0 0 0 e−jθ1
0 0 e−jθ1 0

s˜1+s˜2+s˜3+
s˜4+
+

j
√
γ0e
j∠u(0)
j
√
γ0e
j∠u(0)
j
√
γ1e
j∠u(1)
j
√
γ1e
j∠u(1)
 a˜. (S26)
By combining Eqn. S25 with Eqn. S26 and letting φ = ∠u(1) −∠u(0), the complete scattering matrix for the system
can be solved for,
SI (∆) =
0 1 0 01 0 0 00 0 0 1
0 0 1 0
− 1
j∆ + γ

γ0 γ0
√
γ0γ1e
−jφ √γ0γ1e−jφ
γ0 γ0
√
γ0γ1e
−jφ √γ0γ1e−jφ√
γ0γ1e
jφ √γ0γ1ejφ γ1 γ1√
γ0γ1e
jφ √γ0γ1ejφ γ1 γ1
 . (S27)
Note that the superscript I in SI denotes the case of a single Floquet resonator.
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III. DUAL FLOQUET RESONATORS
In the frame of the individual waveguide ports, the dual-resonator Floquet system is characterized by the following
set of coupled mode equations
d
dt
(
a˜1
a˜2
)
= H
(
a˜1
a˜2
)
+K
(
s˜1+ s˜2+ s˜3+ s˜4+
)T
(S28)
s˜1+s˜2+s˜3+
s˜4+
 = C
s˜1+s˜2+s˜3+
s4+
+D(a˜1a˜2
)
, (S29)
where a˜1 and a˜2 denote the slowly varying envelopes of the modes in the left and the right resonator, respectively
and φa and φb are their associated modulation phases. The self- and inter-resonator coupling matrix is
H =
(
jωa jµ
jµ jωb
)
−
(
γ γ0e
−jθ0 + γ1e−jθ1ej(φb−φa
γ0e
−jθ0 + γ1e−jθ1ej(φa−φb) γ
)
, (S30)
the input port coupling matrix is
K =
(
j
√
γ0 j
√
γ0e
−jθ0 j
√
γ1e
−jθ1e−jφa j
√
γ1e
−jφa
j
√
γ0e
−jθ0 j
√
γ0 j
√
γ1e
−jφb j
√
γ1e
−jθ1e−jφb
)
, (S31)
the output port coupling matrix is
D =

j
√
γ0 j
√
γ0e
−jθ0
j
√
γ0e
−jθ0 j
√
γ0
j
√
γ1e
−jθ1ejφa j
√
γ1e
jφb
j
√
γ1e
jφa j
√
γ1e
−jθ1ejφb
 , (S32)
and the direct port-to-port scattering matrix is
C =

0 e−jθ0 0 0
e−jθ0 0 0 0
0 0 0 e−jθ1
0 0 e−jθ1 0
 . (S33)
θ0 and θ1 are the transmission phases of the bottom and top waveguide shown in Fig. S1. Note that D 6= KT and
γ = γ0 + γ1 + γL. Throughout this work we assume that the two resonators are structurally identical (ωb = ωa) and
that evanescent coupling between the two resonator sites is negligible (µ = 0). The full scattering matrix as a function
of the detuning frequency is
SII (∆) = C +D ·
[(
j∆ 0
0 j∆
)
−H
]−1
·K (S34)
where the superscript II denotes a cascade of two Floquet resonators.
IV. ANALYTICAL EXPRESSIONS FOR SCATTERING PARAMETERS
Considering the relationship θ0 = θ1 + ∆θ, the condition for ideal isolation between αO and βO is
e2jθ0
(
ej∆θ − j) (jej∆θ+2jθ0 + e2j∆θ+2jθ0 − jej∆θ − 1) = 0 (S35)
which is satisfied by ∆θ = pi/2, independently of the value of θ0. Ideal operation between βE and αO translates to a
slightly different expression given by
− e2jθ0 (ej∆θ − j) (e2j(∆θ+θ0) − jej(∆θ+2θ0) + jej∆θ − 1) = 0 (S36)
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which is satisfied by the same condition ∆θ = pi/2. The overall dispersive scattering matrix of the system becomes a
circulator response given by
SIIc =

− γγ+j∆ − jγ∆(γ+j∆)2 0 ∆
2
(∆−jγ)2
0 0 1 0
0 j∆γ+j∆ 0 − γγ+j∆
j∆
γ+j∆
γ2
(γ+j∆)2
0 − jγ∆
(γ+j∆)2
 . (S37)
The scattering matrix in Eqn. S37 is distinct from the scattering response of a three-port junction circulator [S1],
where transmission in one of the forward direction has the form
T =
2
3
(
ej4pi/3
1 + j (ω − ωa) /γa +
ej2pi/3
1 + j (ω − ωb) /γb
)
. (S38)
V. NONRECIPROCAL SIGNAL PATHWAYS IN DUAL-RESONATOR CIRCULATOR
The on-resonance operation of the Floquet circulator can be visualized by tracing a compound mode as it travels
through the system and becomes transformed by the segments of waveguides and as it reflects and transmits through
the resonators (Fig. S2). For the βE → αO path, the signal enters as the even mode on the right, and is transformed
into the circular mode, by the dual-waveguide segment between the resonator and the ports on the right. This
circular mode, perfectly transmits through the right resonator (as shown in Fig. 2d of the main text with φ = pi/2).
Propagation down the middle waveguide segment transforms the signal into the odd mode, which then impinges on
the left resonator and is perfectly transmitted out the other side (as shown in Fig. 2b of the main text with φ = 0).
Note that the complete forward transmission from βE → αO is due to the lack of coupling to either resonator, which
holds even when the input signal is off-resonance. As a result, the forward transmission is unitary regardless of the
detuning as expected from the expression in Eqn. S37. The backward transmission is resonantly suppressed, with a
30 dB isolation bandwidth of ∼ 0.07γ. Such broadband complete transmission in the forward direction is spectrally
distinct from that of conventional junction circulators.
Transmission along the αO → βO path can be analyzed similarly, with multiple reflections between the two res-
onators before the signal emerges (Fig. S2). This pair of ports provides a 70× larger isolation bandwidth (∼ 5γ) than
the previous pair, but at a cost of reduced forward transmission off-resonance. Ultimately, γ and the associated oper-
ating bandwidth is limited by the fundamental frequency of the modulating wave and the and the propagation of the
coupling waveguides. The remaining ports in the system do not participate in any cross-device scattering pathways:
the even mode on the left resonantly reflects into itself αE → αE , and the even mode on the right resonantly reflects
into the odd mode on the right βO → βE .
On-resonance this results in the response
SIIc (∆ = 0) =
−1 0 0 00 0 1 00 0 0 −1
0 1 0 0
 , (S39)
while off-resonance the scattering is reciprocal with the response
SIIc (∆→∞) =
0 0 0 10 0 1 00 1 0 0
1 0 0 0
 . (S40)
VI. SIDEBAND AMPLITUDE DISTRIBUTION FROM FULL-WAVE SIMULATION
In purely sinusoidal phase modulation, the distribution of the sideband amplitudes is given by the Jacobi-Anger
expansion [S2]. Fig. S3 plots the sideband amplitude distribution inside one of the modulated photonic crystal
resonators (from Fig. 4 of the main text) at steady state when excited on resonance. The simulation includes a total
of seven frequency components, but the configuration of the system (Fig. 1) allows only the n = 0 and n = +1 bands
to couple into and out of the system.
Note that the amplitudes shown in Fig. S3 are normalized to the fundamental n = 0 amplitude.
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FIG. S2. (a) Incidence of odd mode from the left undergoes two reflections before being resonantly transmitted out of the right
side. (b) Incidence of the even mode from the right is non-resonantly transmitted to the odd mode on the left. (c) Incidence
of the even mode from the left is resonantly reflected back into the even mode. (d) Incidence of the odd mode from the right
is resonantly reflected back into the even mode on the right.
VII. MODULATED HARMONIC OSCILLATOR STABILITY
Neglecting damping, the Floquet resonator considered in this work is equivalent to a parametrically modulated
harmonic oscillator, which obeys the Mathieu differential equation. In dimensionless form this is given by [S3, S4]
δ2a
δt2
+ [1 + δ cos (Ωt)] a = 0, (S41)
where a is the oscillator amplitude, δ is the modulation index, and Ω is the modulation rate. This equation admits
stable and unstable periodic solutions depending on the combination of modulation parameters. A map of the stability
regions has been computed and is given in Figure S4 where the dark blue regions correspond to unstable solutions
that occur due to parametric resonance when the system is driven at harmonics of the fundamental system resonance.
In this work we limit consideration to relatively weak and slow modulation which corresponds to the region around
the origin (bottom left) of Figure S4.
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FIG. S3. Sideband amplitude distribution in the left resonator of the photonic crystal circulator implementation. The distri-
bution was numerically computed in COMSOL Multiphysics under on-resonance excitation of the compound even mode from
the left port.
FIG. S4. Modulated harmonic oscillator stability map. (light blue) Stable and (dark blue) unstable solutions as a function of
modulation rate and modulation depth.
VIII. MODULATED HARMONIC OSCILLATOR SOLUTIONS
As discussed in the main text, more general forms of periodic modulation, beyond the case of a sinusoid with
a single frequency, can facilitate the control over sideband amplitudes. For example, a modulation waveform that
includes a second harmonic component, meaning that it has frequency components of Ω and 2Ω, supports a sideband
distribution where the n = +1 and n = +2 sidebands have the same amplitude, i.e. u(1) = u(2) as shown in Fig. S5.
IX. GENERATION OF COMPOUND MULTI-FREQUENCY MODE
The compound multi-frequency mode can be generated with the three port optical circuit shown in Figure S6.
The signal incident through port one can be resonantly converted into the compound mode defined over ports two
and three. This implementation requires that γ0 = γ1 + γ2 which can be achieved through structural and sideband
engineering. For example, the Floquet amplitude distribution in Fig. S6b could be used.
Not that this system is reciprocal in that it can also operate in the reverse direction. Incidence of the even mode
from the right will be resonantly converted into the single-carrier mode on the left.
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FIG. S5. Floquet sideband amplitude distributions for single frequency and second harmonic parametric modulation. Single
frequency modulation (left) has modulation of the form f (t) = 1 + δ cos (Ωt) and second harmonic (right) has the form
f (t) = 1 + δ1 cos (Ωt) + δ2 cos (2Ωt) where δ2 = 2δ1. Sideband amplitudes were computed by numerically solving Eqn.S31 using
the harmonic balance method [S3, S4].
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FIG. S6. Compound multi-frequency mode generation. (a) Schematic of a three-port compound mode generator. (b) Sideband
distribution that would be compatible with the structure in (a).
X. MODULATION ABSORPTION
The photonic crystal Floquet circulator discussed in the main text demonstrates the operating principals using
full-wave physics but neglects material absorption from modulation. To present a complete picture of the system
performance, in this section we characterize the losses that would result from carrier injection and depletion in silicon.
This is the strongest mechanism available in silicon, but other approaches and material systems could be the subject
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of future study.
The associated resonator absorption rate is calculated from an eigenmode simulation of the photonic crystal res-
onator with a dielectric loss tangent applied to the defect rod. The applied loss tangent is converted into a change in
refractive index through the carrier concentrations reported in [S5]. As shown by the dashed border of gray region
in S7a, the resulting absorption rate overwhelms the waveguide coupling rates γL  γ0, γ1 and means that slight
adjustment of the system is needed for practical operation.
One option for overcoming the losses is to increase the structural coupling factors, fitted from the system in Fig.
5 as d0 = 1.2 × 10−3 and d1 = 4 × 10−3. This situation is shown in Fig. S7b where the coefficients have been
increased to d0 = 1.8×10−2 and d1 = 6×10−2 which can be achieved by removing a photonic crystal lattice constant
separating the resonator and waveguides. However, this results in a resonator quality factor that’s reduced by a factor
of ∼ 102, and requires that other aspects of the system be reconfigured. For example, both the modulation frequency
and CROW bandwidth would need to be enlarged in order to meet the requirement of one-to-one coupling between
sideband states and waveguides.
As discussed in the main text, more general periodic modulation waveforms can be used to provide additional
degrees of freedom for tuning the coupling. As shown in Fig. S7c, a sideband distribution with equal amplitudes in
u(1) and u(2) can be used. By reconfiguring the top and bottom waveguide to couple to u(2) and u(1), respectively, the
modulation index can be used to tune only the total quality factor. This approach achieves critical coupling between
the waveguides and the resonators for a wide range of modulation index because γ0 and γ1 as a function of modulation
index overlap. Increasing the structural coupling coefficients dn would shift the curve for overlapping γ0 and γ1 in
Fig. S7c further to the left. This means that the circulator can operate with a total linewidth comparable to the one
in the simulated photonic crystal, a practical modulation frequency, and low loss.
In terms of the isolation and insertion loss performance, the absorption impacts the two cross-device scattering
pathways in different ways (Fig. S8). As γL becomes comparable to γ0 and γ1, the αO → βO pathway experiences
higher insertion loss but maintains a very high level of isolation. However, the βE → αO pathway experiences reduced
isolation for larger γL with no penalty in insertion loss.
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FIG. S7. Resonator decay rates to bottom waveguide γ0, top waveguide γ1, and absorption γL. The top edges of the shaded
regions represent the decay rates associated with an out-of-plane quality factor of 106 and 107, demonstrating that the typical
values achieved in photonic crystal slab resonators will not overwhelm the circulator response. The absorption rate (dashed
border of gray region) is the intrinsic decay rate calculated from an eigenmode simulation of the photonic crystal point
defect. A dielectric loss tangent is applied to the simulated defect rod and by assuming modulation takes place through
the plasma dispersion effect in silicon, the loss tangent was converted into a relative change in refractive index through the
carrier concentrations reported in [S5]. (a) Decay rates from fitting to photonic crystal simulation where d0 = 1.2× 10−3 and
d1 = 4× 10−3. (b) Configuration where d0 and d1 have been increased to d0 = 1.8× 10−2 and d1 = 6× 10−2. (c) Configuration
where d0 = 1.8 × 10−2 and d1 = 6 × 10−2 and the top and bottom waveguides have been configured to use the first- and
second-order Floquet states shown in the inset, where u(1) = u(2). In this configuration γ0 and γ1 are overlapping and critical
coupling is achieved for many possible modulation strengths. Further increasing the structural coupling coefficients dn will
shift the curve to the left.
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FIG. S8. (a) Insertion loss and (b) isolation in the αO → βO (blue) and βE → αO (green) scattering pathways as a function
of the resonator loss rate, normalized to the coupling rate to the bottom waveguide. The αO → βO pathway experiences large
insertion loss for higher γL but maintains large isolation. On the other hand, the βE → αO pathway experiences reduced
isolation for higher γL but no increased insertion loss.
